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U(1) Chiral Gauge Theory with Domain Wall Fermions and Gauge Fixing
S. Basaka and Asit K. Dea∗
aSaha Institute of Nuclear Physics, 1/AF Salt Lake, Calcutta 700064, India
We investigate a U(1) lattice chiral gauge theory (LχGT ) with the waveguide formulation of the domain wall
fermions and with compact gauge fixing. In the reduced model limit, there seems to be no mirror chiral modes
at the waveguide boundary.
1. Introduction
Gauge fixing is not necessary in Wilson lat-
tice gauge theory. For gauge-non-invariant the-
ories, if gauge fixing is not done with a target
gauge-invariant theory in mind, however, there
are nontrivial consequences, namely, the longi-
tudinal gauge degrees of freedom (dof) couple
to physical dof. The well-known example is the
Smit-Swift proposal of LχGT . The obvious rem-
edy is to gauge fix. The Roma proposal involving
gauge fixing passed perturbative tests but does
not address the problem of gauge fixing of com-
pact gauge fields and the associated problem of
lattice artifact Gribov copies. The formal prob-
lem is that for compact gauge-fixing a BRST-
invariant partition function as well as (unnormal-
ized) expectation values of BRST invariant oper-
ators vanish as a consequence of lattice Gribov
copies. Shamir and Golterman [1] has proposed
to keep the gauge-fixing part of the action BRST
non-invariant and tune counterterms to recover
BRST in the continuum. In their formalism, the
continuum limit is to be taken from within the
broken ferromagnetic (FM) phase approaching
another broken phase which is called ferromag-
netic directional (FMD) phase, with the mass of
the gauge field vanishing at the FM-FMD tran-
sition. This was tried out in a U(1) Smit-Swift
model [3] and so far all indications are that in
the pure gauge sector, QED is recovered in the
continuum limit and in the reduced model limit
free chiral fermions in the appropriate chiral rep-
resentation are obtained.
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We want to extend this idea to other previ-
ous proposals of a LχGT which supposedly failed
due to above mentioned coupling of longitudinal
gauge dof to physical dof. For this pupose we have
chosen the waveguide formulation of the domain
wall fermion where mirror chiral modes appeared
at the waveguide boundary in addition to the chi-
ral modes at the domain wall or antiwall to spoil
the chiral nature of the theory [2].
2. Gauge-fixed Domain Wall Action
For Kaplan’s free domain wall fermions on a
4+1-dimensional lattice of size L4Ls where Ls is
the 5th dimension, with periodic boundary con-
ditions in the 5th or s-direction, there is always
an anti-domain wall and the model possesses two
zero modes of opposite chirality, one bound to the
domain wall at s = 0 and the other bound to the
antiwall at s = Ls
2
. With the domain wall mass
m(s) taken as
m(s) =
−m0 0 < s <
Ls
2
0 s = 0, Ls
2
m0
Ls
2
< s < Ls
the wall mode is lefthanded (LH), the antiwall
mode is righthanded (RH). If m0Ls ≫ 1, these
modes would have exponentially small overlap.
These chiral modes exist for momenta p below a
critical momentum pc, i.e. |pˆ| < pc, where pˆ
2 =
2
∑
µ[1− cos(pµ)] and p
2
c = 4− 2m0/r.
Since the LH and RH modes of the fermion
are separated in s space, one can attempt to cou-
ple these two in different ways to a gauge field.
A 4-dimensional gauge field which is same for
all s-slices can be coupled to fermions only for
a restricted number of s-slices around the anti-
domain wall [2] with a view to coupling only to
the RH mode at the antiwall. The gauge field
is thus confined within a waveguide, WG = (s :
s0 < s ≤ s1). Our choice of s0 and s1 is such that
the anti-domain wall is located at the center of the
WG, and at the same time far enough from the
domain or anti-domain wall that the zeromodes
are exponentially small at the WG boundary [2]:
s0 =
Ls+2
4
− 1, s1 =
3Ls+2
4
− 1. With this choice
Ls − 2 has to be a multiple of four. The global
symmetry of the model and the gauge transfor-
mations on the fermion field in and outside WG
remain exactly the same as in ref. [2]. Obviously,
the hopping terms from s0 to s0+1 and that from
s1 to s1 + 1 would break the local gauge invari-
ance of the action. This is taken care of by gauge
transforming the action and thereby picking up
the pure gauge dof or a radially frozen scalar field
φ (Stu¨ckelberg field) at theWG boundary. So the
gauge invariant WG action now becomes, retain-
ing only the s index, taking the Wilson r = 1 and
lattice constant a = 1,
SF =
∑
s∈WG
ψ
s
(D/ (U)−W (U) +m(s))ψs
+
∑
s6∈WG
ψ
s
(∂/ − w +m(s))ψs
−
∑
s6=s0,s1
(
ψ
s
PLψ
s+1 + ψ
s+1
PRψ
s
)
+
∑
s
ψ
s
ψs
− y
(
ψ
s0
φ†PLψ
s0+1 + ψ
s0+1
φPRψ
s0
)
− y
(
ψ
s1
φPLψ
s1+1 + ψ
s1+1
φ†PRψ
s1
)
(1)
where y is the Yukawa coupling at the WG
boundaries and the projector PL (PR) is (1−γ5)/2
((1+γ5)/2). The D/ (U) and W (U) are the gauge
covariant Dirac operator and the Wilson term re-
spectively.
The gauge-fixed pure gauge action for U(1),
where the ghosts are free and decoupled, is:
SB(U) = Sg(U) + Sgf (U) + Sct(U) (2)
where, Sg is the usual Wilson plaquette action,
gauge fixing term Sgf and the gauge field mass
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Figure 1. Schematic quenched phase diagram
counter term Sct are given by,
Sgf (U) = κ˜
(∑
xyz
✷(U)xy✷(U)yz −
∑
x
B2x
)
, (3)
Sct(U) = −κ
∑
xµ
(
Uµx + U
†
µx
)
, (4)
where ✷(U) is the covariant lattice laplacian and
Bx =
∑
µ
(
Vµx−µˆ + Vµx
2
)2
(5)
with Vµx =
1
2i
(
Uµx − U
†
µx
)
and κ˜ = 1/(2ξg2).
Sgf has a unique absolute minimum at Uµx =
1, validating weak coupling perturbation theory
(WCPT) around g = 0 or κ˜ =∞ and in the naive
continuum limit it reduces to 1
2ξ
∫
d4x(∂µAµ)
2.
Obviously, the action SB(U) is not gauge in-
variant. By giving it a gauge transformation
the resulting action SB(φ
†
xUµxφx+µˆ) is gauge-
invariant with Uµx → gxUµxh
†
x+µˆ and φx →
gxφx, gx ∈ U(1). By restricting to the trivial
orbit, we arrive at the so-called reduced model
action
Sreduced = SF (U = 1) + SB(φ
†
x 1 φx+µˆ) (6)
where SB(φ
†
x 1 φx+µˆ) now is a higher-derivative
scalar field theory action.
3. Results in the Reduced Model
In the quenched approximation, we have first
numerically confirmed the phase diagram in [3]
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Figure 2. RR-propagator at antidomain wall
(Ls = 22; a.p.b.c. in L4)
of the model in (κ, κ˜) plane. The phase dia-
gram shown schematically in Fig.1 has the inter-
esting feature that for large enough κ˜, there is
a continuous phase transition from FM to FMD
phase. FMD phase is characterised by loss of
rotational invariance and the continuum limit is
to be taken from the FM side of the transition.
In the full theory with dynamical gauge fields,
the gauge symmetry reappears at this transition
and the gauge boson mass vanishes, but the lon-
gitudinal gauge dof remain decoupled. For cal-
culating the fermion propagators, we have cho-
sen the point κ = 0.05, κ˜ = 0.2 (gray blob
in Fig.1). Numerically on 4316 and 6316 lat-
tices with Ls = 22 we look for chiral modes at
the domain wall (s = 0), the antidomain wall
(s = 11), and at the WG boundaries (s = 5, 6
and s = 16, 17). Error bars in Figs.2 and 3 are
smaller than the symbols. Fig.2 shows the RR-
propagator |SRR| at s = 11 as a function of a
component of momentum p4 for both ~p = (0, 0, 0)
(physical mode) and (0, 0, π) (first doubler mode)
at different y-couplings. From the figure, it is
clear that the doubler does not exist and the
physical RR-propagator seems to have a pole at
p = (0, 0, 0, 0). The curve stays the same irre-
spective of y-coupling and lattice size. We have
also checked that it coincides exactly with the
free RR-propagator (corresponding to yφ = 1)
at s = 11. Also similar analysis with the LL-
propagator at s = 11 does not show any pole.
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Figure 3. LL-propagator at waveguide boundary
(Ls = 22, a.p.b.c. in L4)
We conclude that there is only a free RH fermion
at the antidomain wall. From similar data not
shown here, we conclude that at the domain wall,
there is a only free LH fermion. Fig.3 shows
the LL propagator at s = 6 (waveguide bound-
ary, just inside). Here too doublers do not exist.
While there is a hint of a pole for y = 0.07, the
data for y = 0.5, 1.5 does not favor any pole at
zero momentum. Taking all our numerical data
into account for the boundary propagators, there
does not seem to exist any chiral modes there for
y ∼ 1. For very small y the situation is tricky, be-
cause strictly at y = 0, there are mirror boundary
modes present, as can be seen from considerations
of fermion current in s-direction and also from nu-
merical simulation. We have done WCPT around
κ˜ = ∞ and y = 1 and it supports the numerical
data for y ∼ 1.
In spite of having the longitudinal gauge dof ex-
plicitly in the action, it seems that in the reduced
model we end up only with free undoubled chiral
fermions at the domain wall and the antiwall with
no mirror modes at the WG boundaries.
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